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As numerical simulations in mixing become pervasive, an analysis of errors becomes
crucial. Purposely discretized examples with exact analytical solutions provide a refer-
ence point from which to judge the soundness of numerical solutions. Three types of
errors are identified and examined: discretization, time integration, and round-off, with
emphasis on the first two. Theoretical derivations and numerical examples for 2-D,
steady (regular) and time-periodic (chaotic) flows indicate that errors, in general, be-
have as material lines. In regular flows, their magnitude increases, on the average, with
at most t%, while in chaotic flows it increases exponentially. Errors tend to align with the
direction of the streamlines in regular flows and with manifolds in chaotic flows. As a
result, even though exact and calculated trajectories diverge exponentially fast in chaotic
flows, overall mixing patterns are reproduced, at least qualitatively, even when the ve-
locity field is calculated using coarse meshes. For example, approximate velocity fields
do reproduce qualitatively the main features of a line as it is deformed by the flow,
although the error in its length may be more than 100%. It is concluded that accurate
quantitative information, such as the location of periodic points or the length of a
deformed line, can be obtained from numerical simulations. However, robust applica-
tion of standard numerical analysis tools, such as mesh refinement, is necessary, which,
in turn, can lead to nearly prohibitive computational costs.

Introduction

Theoretical investigations of mixing, particularly those in-
volving complex flow domains and time-dependent flows, in-
creasingly rely on numerical simulations (Tjahjadi and Ot-
tino, 1991; Jana and Ottino, 1992; Tanguy et al., 1992; Ava-
losse et al., 1992; Niederkorn and Ottino, 1993). This trend
has been facilitated by the availability of powerful computers
and the existence of commercial flow-simulation packages.
From a numerical point of view, both the solution of the fluid
mechanics problem, that is, obtaining u(x,t), and the inte-
gration of

Et—=u(x;t), Vou=0 1)

Correspondence concerning this article should be addressed to J. M. Ottino.
Present address of S. C. Jana, GE CRD, P.O. Box 8, Schenectady, NY 12301.

AIChE Journal

are challenging. (The equation of continuity, V-u = 0, implies
that the study is confined to incompressible fluids and that
Eq. 1 represents a conservative dynamical system.) In the ma-
jority of flows of interests, the geometry is three-dimensional,
complex and, often, time varying. The numerical solution of
this class of problems requires significant amounts of both
computational time and memory. Moreover, the recent shift
toward chaotic mixing has further increased the computa-
tional load (Ottino, 1989). The computational time spent in
the integration of Eq. 1 and the memory required for the
faithful representation of the deformation of a material line
can be enormous (Franjione and Ottino, 1987).

There are three types of error present in mixing simula-
tions: discretization (or approximation), time integration, and
round-off errors. The numerical velocity field is only an ap-
proximation of the actual velocity field. In fact, Eq. 1 can be
written as
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dx
— =ul(x;t)+ eu*(x;t), )
dt

where eu™ represents a perturbation of the exact velocity
field, associated with the discretization error. The parameter
e is a function of the characteristic grid size, Ax;. In many
cases (such as finite elements, finite differences) e is O(Ax%),
where & is a small integer.

It is known that chaotic flows are sensitive to small pertur-
bations. For example, Niederkorn and Ottino (1993) exam-
ined the mixing of viscoelastic fluids within a journal bearing.
Although the changes in the velocity field, as compared to
the Newtonian case, were of the order of a few percent only,
the mixing patterns were significantly different. A relevant
question then is whether or not the theoretically predicted
mixing patterns are significantly affected by perturbations of
the velocity field due to numerical approximations.

The second type of error originates from the numerical in-
tegration of Eq. 1. This type of error depends on the time
step and the integration scheme and is present even when
the velocity ficld is known analytically. Numerical integration
schemes introduce nonlinearities that do not exist in the orig-
inal problem (Yee et al, 1991), and may therefore fail to
capture the correct long-time dynamics by altering or even
destroying the Hamiltonian nature of the governing set of
equations due to accumulated errors. This observation has
motivated the development of symplectic integrators (for ex-
ample, Channell and Scovel, 1990; Candy and Rozmus, 1991;
references therein). These issues notwithstanding, in mixing
simulations we are primarily interested in short- to interme-
diate-time behavior. As will be discussed in a later section,
the use of adaptive time steps and high-order schemes can
effectively eliminate errors associated with time integration.

The final source of error is the finite accuracy of any ma-
chine, which appears in the calculations as round-off error.
In general, round-off error is orders of magnitude lower than
the discretization and the time integration error. However,
due to the exponential stretching present in chaotic flows,
even this otherwise insignificant error grows to measurable
levels within a short time. For example, if the length of the
line is doubled every time period, T, then a perturbation of
1071% grows to 1 after 53.27. Although an increase of the
length of a material line of the order of 10'® implies a reduc-
tion of the striation thickness of the same order and, presum-
ably, a more than satisfactory level of mixing, it also demon-
strates the pitfalls of chaotic advection simulations.

The main objective of this article is to put into evidence
possible limitations of numerically supported mixing studies
and to document the results by means of key examples. Par-
ticular emphasis is placed on how the discretization error of
the velocity field manifests itself in the various dynamical tools
used in studying chaotic advection. The time-periodic jour-
nal-bearing flow is used as our primary example. The chaotic
mixing patterns of this flow have been analyzed extensively
both theoretically and experimentally (Swanson and Ottino,
1990). An attractive feature of this flow is that the velocity
field is known analytically (Wannier, 1950), which allows for
a direct evaluation of the discretization error.

The approximation methods employed in our study are the
boundary integral equation method (BIEM) and an approxi-
mation method reminiscent of first-order finite elements, re-

1606

July 1995 Vol. 41, No. 7

ferred in the following as pseudo-finite-element method
(PFEM). 1t is not our purpose to comparatively evaluate these
techniques, although relevant comments will be made occa-
sionally. Instead, we seek to detect generic symptoms of ap-
proximation errors in the mixing patterns, irrespective of the
particular numerical technique in use.

It has to be emphasized that, in the numerical examples
presented in this article, we have intentionally used coarse
grids to magnify the numerical errors and mimic the approxi-
mations in more realistic problems. The journal-bearing flow
is two-dimensional and steady, the governing equations are
linear, and the flow domain is smooth. Therefore, very accu-
rate solutions, say, O(10~%) or less, can be obtained with vir-
tually any numerical scheme, and with relatively minimal
computational resources. However, most mixing problems of
practical importance involve complicated, three-dimensional
flow domains and time-dependent flows, and higher approxi-
mation errors are inevitable.

The remainder of this article is organized as follows: a short
summary of mixing theory appears in the following section;
the next sections describe various computational errors and
their effect on mixing patterns using model flow problems.

Background

The theoretical foundations of mixing are based on kine-
matical relations describing the movement and deformation
of material lines and surfaces within a given flow field. Here,
we present a summary of mixing theory (Ottino, 1989) as a
background for the discussion in the following sections and
to introduce the reader to the notation and formalism to be
used in the remainder of the article.

Integration of Eq. 1 between time ¢ and ¢ + A¢ results in
the mapping function, f, so that

x=f(X,At;t,k,€), 3)

signifying that the particle located at X in time ¢ will be found
at x in ¢+ At. In our notation, « is a symbolic representa-
tion of the set of geometrical and flow parameters, and e
represents deviations due to numerical inaccuracies (Eq. 2).
For steady flows, f does not depend explicitly on ¢. For peri-
odic flows, where a period T can be defined, a natural defini-
tion of the mapping is

x" = f(x?), 4)
where x" = x(nT), so that n successive applications of the
mapping f take a fluid particle from x° to x". The evolution
of a differential material line, dX, between ¢ and ¢+ At is
described by

dr = F-dX, (%)
with F being the deformation gradient tensor, [|dx,/d X |I. Al-

ternatively, F can be defined as the Jacobian of f. Occasion-
ally, the notation

F¢=D=F(X,t' —t;t, k) (6)
will be used in order to distinguish among successive applica-
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tions of a general mapping f, on the same particle, originally
at X = X(0). In this case, F ) is the Jacobian of the map-
ping representing the motion of the particle X, between ¢
and ¢

The periodic points of f” (Eq. 4), that is, points P such
that P = f"(P), are central to the understanding of chaotic
mixing. A fixed point is a point that does not move, while an
order n periodic point is a point that returns to its original
position after »n periods. Fixed and periodic points are char-
acterized as hyperbolic and elliptic according to the eigenval-
ues, I, of the Jacobian of f”. In two-dimensional flows, if the
eigenvalues are imaginary, the point is elliptic. If they are
real, the point is hyperbolic. Elliptic and hyperbolic points
have different effects on mixing. Neighboring material circu-
lates around elliptic points, whereas material is stretched in
one direction and contracted in another near hyperbolic
points. Since stretching is beneficial to mixing, hyperbolic
points are desirable in mixing flows.

A hyperbolic point, P, is associated with two manifolds,
representing the trajectories along which a particle is at-
tracted to (stable manifold) and moves away from (unstable
manifold) P. In steady, bounded, two-dimensional flows, a
manifold that originates from a hyperbolic point ends either
on the same or on another hyperbolic point. Consequently,
the material that is attracted toward P in order to be
stretched comes from confined regions of the flow domain.
This is an alternative qualitative explanation of the limited
mixing capabilities of these kinds of flows. If, on the other
hand, the stable manifold of P intersects with a manifold of
another hyperbolic point, new material is continuously at-
tracted toward P. The result is a repetitive stretching and
folding that gives rise to chaotic dynamics.

Model Mixing Problems and Numerical
Approximation

In this section the model flow problems and the numerical
techniques used in this investigation are described.

The flow between concentric cylinders will be used to
demonstrate the effect of numerical time integration on par-
ticle trajectories. Both the velocity field and the correspond-
ing fluid particle trajectories (and the mapping function f)
are known analytically. In addition, the pure shear flow kine-
matics permit a straightforward interpretation of the find-
ings.

The second model mixing flow is the time-periodic Stokes
flow between two eccentric cylinders (journal bearing). This
flow has been extensively analyzed (Chaiken et al, 1986;
Swanson and Ottino, 1990; Tjahjadi and Ottino, 1991). Excel-
lent agreement between the experimentally observed and the
theoretically predicted mixing patterns has been demon-
strated (Swanson and Ottino, 1990), the latter being based on
an analytically known flow field (Wannier, 1950). The
existence of an analytical velocity field makes this flow an
ideal test case for the examination of the effects of the dis-
cretization errors in mixing simulations.

Flow between concentric cylinders

The concentric cylinder geometry is shown in Figure 1. The
two cylinders can rotate independently, but in this study
steady motion of the inner cylinder is assumed, while the outer

AIChE Journal

Figure 1. Concentric cylinder geometry.

cylinder is stationary. The angular velocity in dimensionless
form is

1 r2=(p+1)°
ao(r)=—2———2,
ret—=(p+1)

€))
where r is the dimensionless radial position with R, as the
characteristic length and 1/} the characteristic time, 0 be-
ing the angular velocity, and = R, /R, — 1 (in analogy with
the eccentric cylinders problem).

For this flow, the particle locations are known analytically.
If the initial position of a particle is (ry, 8,), its location at
time ¢ is [ry, 6y + ug(ry)t]. The same calculation is error free
in cylindrical coordinates, irrespective of the numerical inte-
gration scheme, because the streamlines coincide with the co-
ordinate lines and the velocity is constant. In order to intro-
duce numerical errors, we purposely carry out the numerical
integrations in a Cartesian coordinate system. In this system

u, =muy(r)sin6;  u,=ru,(r)cos 8. (8

Flow between eccentric cylinders

The journal-bearing geometry is presented in Figure 2. The
flow domain is confined between two cylinders with parallel
axes that do not coincide. The radii of the inner and outer
cylinder are R;, and R, respectively. The flow domain is
completely specified by two dimensionless parameters, the
dimensionless gap, p=(R,,/R;,)—1, and the eccentricity,
e=dAR,,— R;,), with d being the distance between the
centers of the two cylinders. The flow domain can be trans-
formed to a rectangle using the bipolar coordinate system
sketched in Figure 2.

The two cylinders can rotate independently. For the time-
dependent Stokes flow, the streamfunction, ¥, can be written
as

‘P(x’ Y t) = \Pin(x’ y)Qin(t) + q’out(x’ y)nout(t)’ (9)
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Figure 2. Eccentric cylinders geometry (journal bear-
ing) and the bipolar coordinate system.

where ¥,, and ¥, are the streamfunctions corresponding to
the motion of the inner and outer cylinder, and Q, and Q
are the angular speeds of the two cylinders. The movement
of the boundaries is described by periodic functions of time.
Swanson (1991) examined the chaotic advection patterns em-
anating from various wave forms in this system. Here, we
consider only the square wave, which is described as

O, 0<t<T/
Q. (1)=<0 T/4 <t <3T/4
O, 3T/Aa<t<T
(10)
0 0<t<T/4

Qo) ={ Qou T/A<t<3T/A
0 3T/A<t<T,

where T is the period of the flow. Then the protocol of

movement is completely characterized by =, /Q_, and
the total displacement, ®, defined as
T
0= [0, (1. (11)
0

In the examples to follow, the geometrical parameters are set
to 1 =2 and e = 0.45. Also the ratio of the angular velocities,
Q, is set to —3, so that both the cylinders experience equal
linear displacement and reveal symmetries in mixing pat-
terns. Then, the only remaining parameter is the displace-
ment, ® (Eq. 11), and its value uniquely characterizes the
protocol. Here, we have concentrated on the 180° and 360°
protocols. In both cases, chaotic and regular regions coexist,
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although the second protocol results in a significantly larger
chaotic region. These protocols produce relatively mild
stretching. Consequently, the growth of various errors is
slower and can be monitored for longer times.

Numerical approximations

The approximate velocity fields of the journal-bearing flow
have been obtained using the BIEM and an approximation
procedure, which will be designated as PFEM.

The velocity field in BIEM is expressed in terms of line or
surface integrals involving boundary velocities and surface
force distribution, and satisfies the equation of continuity ev-
erywhere in the flow domain. One advantage of this method
is that the discretization of the entire fluid domain can be
avoided. The unknowns, for example, surface force, appear
only at the boundaries. In the boundary integral representa-
tion the velocity at a point x, is expressed as

u(x)) =C jD [S;/(x" ), (x) = Ty (Dt (), (x)]diS
i,,k=x,y, (12)

where ¢ is the unknown surface force, S is the boundary of
the fluid domain D, n is the unit normal pointing out of D at
xon S, ¥ =x—-1x, and C=(1/4wn) when x; is inside D
and (1/27m) when x; is on D with % as the viscosity. The
free-space Green’s function, S, (x"), is given by

'

X X;
S,(x') = 8, In|x’'| - I—I—; (13)
X

with its associated stress field as

£ N AN
XXX

Tiu(x) =47 e
|l

(14)

After discretization of the boundary § into N elements, Eq.
12 can be written as

N
u(x)=C Y, {j; [S;j(x’)¢j(x)—Tijk(x’)uj(x)nk(x)]ds},

n=1

as)

where S, is the arc length of the nth boundary element; in
this article we use only the straight line elements. Also u and
¢ are assumed to be piecewise constant on each element,
and Eq. 15 simplifies to

N N
ux))=C| ¥ A,(xV¢(x,)— ¥ B ,(xdulx)|, (16)

n=1 n=1

where x, denotes the middle of the nth element and the
terms A;; and B;; are given as

A (x) = [S §,;(x)dS (17a)
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B (x') = ] T, (¥ )n, (x)dS. (17b)

Considering the point x, on S, the system of Eq. 16 is solved
for ¢ from the known boundary velocities. Once the distri-
bution of ¢ is determined, the velocity at any interior point
x, is obtained using again Eq. 16. One advantage of using
straight line elements is that the integrals in Eq. 17 can be
evaluated analytically in many cases. A detailed account of
various integral formulations of Eq. 12 and a discussion of
errors incurred in discretization of S and approximation of ¢
and u can be found in Pozrikidis (1992).

PFEM velocity fields, on the other hand, need discretiza-
tion of the entire flow domain and can be obtained as fol-
lows. An M, X M, uniform grid, in bipolar coordinates, is
overlaid on the flow domain, forming (M, — 1) X(M, —1) ele-
ments. The value of the analytical velocity is assigned to ev-
ery grid point and, within each element, the velocities are
obtained using bilinear interpolation in the bipolar system.
The approximate velocity fields, thus obtained, are second-
order accurate and reminiscent of isoparametric rectangular
finite-element solutions, justifying the name pseudo-FEM.
Notice that the approximate velocities are continuous but
their derivatives are not.

Evolution of Numerically Induced Errors
Time integration error

Theory. We are interested in the trajectory of a particle
originally located at x'¥, calculated using the analytical ve-
locity field (Eq. 2, € = 0) and a time integration scheme. The
sequence x, x@, ..., 2= xO ¥+ | (Figure 3) de-
notes the exact locations of the particle after each time-step,
while the sequence x{’, x@,..., x{™ D, x@, x{+*D | de-
notes the calculated trajectory. Accordingly, in order to fol-
low the orientation and evolution of instantaneous errors one
can define an error vector, Ax?, such that

Ax® = x{) — x, (18)

Following standard numerical analysis notation, Ax‘" will be
called overall or global error. Using Eq. 3, with € =0, one
can also define a local error, Ax{), as
Axf) =x{) — f(x§7 0, Art_ 0, k), (19)
where f is the exact mapping and A¢; the ith time step. If an
(m —Dth-order (global accuracy) scheme is used for the nu-
merical integration, |Ax{?| = O(A#).
Using the notation of Eq. 6, with { instead of ¢, we can
write, up to first order,

PO, Aty 138, ) = x6+ D = FG= D10 x0)

=F(i~oi+1),Ax(i)‘ (20)

Notice that F@ =7 refers to the exact velocity field. Due to
Eg. 19, Eq. 20 can be rewritten as

Ax(l+1)_ x(1+1)_x(1+1)__ F(l—‘l+1) Ax(l)+ Ax(1+1) (21)
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Figure 3. Analytical particle trajectory (x!-", x{
xU*Y) and its approximation (x§-", x{,
x{*") due to time integration errors.
Ax§? and Ax® are, respectively, the local and global errors.

One can write FU= D= =D plé=6 Iq this case, the
global error at the kth time step is

Ax® = FO=0. Ax(D 4 FO=0 AP 4 4 Ax{p

[\’J»

FE=R AxD, (22)
1

#

i

The local error, Ax%), behaves as a material line, with its
deformation controlled by a relation similar to Eq. 5. For
example, in a steady, two-dimensional and bounded flow, the
length of a material line is, asymptotically, proportional to ¢
(Ottino, 1989). If At is constant, the length of Ax{? at time
kAt is

AP (kA = |FC R AxQ| = C(k — DAt]Ax], (23)

where C; is positive and depends on the kinematics and the
initial orientation of Ax{) with respect to the streamlines.
The total error at time = kAt is

k
Y U0 AxQ

k
< Y |FG= 0. Ax()
i=1

|Ax®)] =

Z‘, Ci(k —AHAX). (24)

i=1

If C=max(C)), |Ax,|=max]Ax{P), and strict equality is as-
sumed in Eq. 24, then

k k(k-1)
[Ax®] < CAtlAxyl Y (k—i)= CAtIAxNI—-z———
i=1

C |Axyl

T AL (kAt)’. (25)

Equation 25 suggests that the global error is proportional
to t2. Furthermore, since |Ax | = Cy(At)™, we can write
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C CyALt™ CCy
Ax®P < — 2= —T AT 26
IAxPI<3 = 2 (26)

It should be noted that Eq. 23 is valid only in an average
sense, as time increases. In fact, for short times, the length of
a material linc may decrease. The special case of Ax{) being
parallel to the flow will be discussed in the following section.

A relation similar to Eq. 26 can be derived for the evolu-
tion of the round-off error, with |Axy| being the precision of
the computational device. In general, this type of error is ex-
pected to be negligible, several orders of magnitude smaller
than the time integration, or the approximation error. Yet,
one should be aware that this error imposes a limit on the
accuracy of any time integration scheme, and consequently,
to the lower value of time step that can be used.

Flow between Concentric Cylinders. Consider now the im-
plications of the preceding results on the flow between two
concentric cylinders (Figure 1). The exact locations of fluid
particles are compared to calculated ones, according to three
explicit time integration methods with constant time steps.
The methods and their corresponding formulas are:

(a) First-order Euler scheme

$00 = D & A, @

(b) Second-order Adams multistep method

. At ) )

D =y g (3D — - ), 28)
2
(¢) Third-order Adams multistep method
. At . . .
xUD = x4 — (234 — 1649~ D +5u972). (29)
12

Note that there is no particular reason in choosing explicit
time integration techniques apart from their simplicity. How-
ever, values of At used in all computations are sufficiently
small so as to guarantee stability of such explicit schemes.

The movement of a particle placed at ro=1+(p+1)/2,
6, = 0 is calculated using various time steps for p = 0.5. The
error is defined as

|[Ax(t)

—V[x(6) = 7y c05 (uy (DOF +Ly(0) = ry sin (ug(OT
(30)

where x(¢) and y(¢) are the calculated coordinates.

In Figure 4, the error is plotted as a function of time, for
At=0.2, 0.1, and 0.05 (for the Euler scheme) and 0.4 and
0.25 (for the third-order scheme). The slopes of the lines for
t > 1 are close to 2, as predicted by Eq. 26. Initially, the error
of the Euler integration is proportional to ¢, an indication of
error growth through simple addition. For both methods, the
global error in the quadratic regime is, as predicted, O(A¢)
and O(A¢?). In addition, Figure 4 clearly demonstrates that
the first-order Euler scheme is an unreliable method for the
particle tracking within a flow field. The arclength error at
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Figure 4. Global error (Eq. 26) due to numerical time in-
tegration as a function of time, for the concen-
tric cylinder flow {x=0.5) and initial iocation
at r=1+(u+1)/2.

( ) Buler, Ar=0.2; (---+) Euler, At =0.1; (~~-) Eu-
ler, At =0.05; (— —) Adams 3rd order, At=0.4; (-----)
Adams 3rd order, At = 0.25.

t=10is 15%, and 8.9% for Ar=0.1 and At =0.05. Notice
that at £ =10, the inner cylinder has not even completed two
revolutions.

Figure 5 shows results corresponding to the second- and
third-order methods. Although after long times the error in-
creases with ¢2 in both cases, the second-order method pro-
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Figure 5. Global error (Eq. 26) due to numerical time in-
tegration as a function of time, for the concen-
tric cylinder flow (x=0.5) and initial location
at r=1+(u+1)/2.

(——) Adams 2nd order, At =0.4; (+++-) Adams 2nd or-
der, Ar=0.25; (~—-) Adams 3rd order, At =04; (— —)
Adams 3rd order, At = 0.25.
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duces more accurate results. Furthermore, the error of the
second-order method decreases, before reaching the
quadratic regime.

This counterintuitive result is a consequence of the flow
kinematics and can be rationalized as follows. Although the
local error is indeed third and fourth order, respectively, its
orientation plays an interesting role. It turns out that in the
first-order Euler and the third-order Adams method, the lo-
cal error, Ax{), is perpendicular to the streamlines, while in
the second-order Adams method it is parallel to the leading
term in At. Specifically, for a particle at (x,y) or, equiva-
lently, at (r, 8) the components of the local error are

(g (r)T AL
X = —~2————rcos 6 +h.o.t.;
[ug(TAr?
Ay=—6—2—rsin0+h.o.t. (3D

for the Euler method and

5 3 .
Ax = E[ue(r)] At’rsin 6 +h.o.t,;

5
- Tz-[ue(r)]3At3r cos @ +h.o.t. (32)

Ay=
for the second-order method. The preceding estimates have
been obtained assuming that the exact (analytical) location is
known at all previous ¢’s. In a shear flow, such as the one
under consideration here, the length of a material line does
not increase if the line is oriented parallel to the local flow.
Therefore, the overall error of the second-order method for
short times is simply equal to the sum of the local errors.
Moreover, since Ax{? points upstream (Eq. 32), its length
initially decreases. This phenomenon is responsible for the
minima in Figure 5. In general, Ax{? is not exactly parallel to
the streamlines due to the higher-order terms and, eventu-
ally, at long times, its length will increase.

Equations 31 and 32 are mathematically exact only in the
limited case of simple shear flow. A qualitatively similar ef-
fect can be observed in other two-dimensional, steady, and
bounded flows (such as, journal bearing), especially in re-
gions with predominantly shear kinematics. The preceding
discussion illustrates the effect of the orientation, in addition
to the magnitude, of the local error in the accumulated error.

Discretization error

In most cases of practical interest, an analytical velocity
field is not available. Instead, an approximate velocity field is
obtained through direct numerical simulations. Furthermore,
in collocation schemes, the velocity is only known at a finite
number of points (grid points). Inevitably, the calculated tra-
jectories are also approximate. Errors originate from both the
discretization of the system of PDEs and the interpolation
within grid elements (collocation schemes). In general, the
error from both sources is a function of a characteristic grid-
size, Axg, but not necessarily similar. Yet, the accuracy of
the interpolation is always limited by the accuracy of the dis-
cretized data. Nevertheless, there exists an interpolation rela-

AIChE Journal

tion consistent with the numerical scheme, that is, one that
has the same order of error with the discretization scheme.
For example, in finite-element methods it is assumed that the
velocity field can be expressed, within every element, as a
polynomial. A consistent interpolation scheme uses the same
polynomial. For linear elements, the discretization error is
O(Ax%), which is also the order of error of the bilinear inter-
polation. There is a consistent polynomial interpolation
scheme for finite difference (collocation) schemes as well. For
central finite differences, the approximation error is O(Ax2),
suggesting a bilinear interpolation scheme, whereas higher-
order schemes require a higher-order interpolation. In BIEM,
the velocity field at any point of the flow domain is uniquely
determined in terms of the boundary values of point forces
or dipoles without the need of interpolation. Finally, in spec-
tral and pseudospectral methods, it is implicitly assumed that
the solution can be globally represented by a high-order poly-
nomial. In the remainder of this article we will not distin-
guish between the two errors, assuming that the interpolation
is always consistent with the discretization.

A major concern in numerical approximations is that the
continuity constraint, V-u =0, in Eq. 1, may not be satisfied
uniformly. This is the case with many domain discretization
schemes using the primary variables (velocity, pressure) for-
mulation. When this happens, the Hamiltonian nature of the
governing system of equations is violated. A definite sign of
this behavior is occurrence of streamlines that do not close.
Notice that the integral equations in BIEM automatically sat-
isfy the continuity equation and preserve the Hamiltonian
character. Even in the cases of numerically evaluated inte-
grals in Eq. 17, the calculated velocity field will be divergence
free and streamlines will close.

Consider Eq. 1, where the velocity has been obtained by a
numerical procedure or, in general, it is only an approxima-
tion of the exact one (e + 0 in Eq. 2). Assume also that the
time integration error is negligible. The notation of Egs.
18-19 is used, with the symbol N substituted by D to indi-
cate discretization errors. Similar to Eq. 21, one can write

a )
AxlrD = pU=itD A g0 4 ea—f = FU7 D A XD 4 Ax(D),
€

(33)

The local error, Ax!), can be estimated using a Taylor series
expansion of Eq. 3 in time for the mapping, f, as

Flx,At;€) =x + Atlu(x)+ en*]+ 0(A22). (34
Then,

. af
Ax{) = e;_'— = eAtu*. (35)
€

Starting with Eq. 33, much of the analysis presented for the
time integration error can be repeated, using Ax{) instead of
Axff,)‘ For example, the error in a steady, two-dimensional,
bounded flow becomes

C laxpl C
N« 272 02 lu*lel, 36
|A x5 Y 5 elu*| (36)
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Figure 6. Representative streamlines for the journal
bearing (n=2, e=0.45) flow with the outer
cylinder rotating.

(—) analytical and (— —) 11 X 21 PFEM velocity field.

The mechanism responsible for the second-order time de-
pendence in Eq. 36 is the “drifting” of the particle to neigh-
boring exact streamlines, resulting in calculated particle tra-
jectories that do not close, even for steady, two-dimensional
flows. Whenever the approximate velocity field results in
closed trajectories, the global error is, on the average, pro-
portional to time.

Figure 6 shows the streamline portrait of the journal-
bearing flow with the outer cylinder rotating. Continuous lines
correspond to streamlines calculated with the analytical ve-
locity, while dashed lines correspond to streamlines obtained
from the very coarse 11x21 PFEM field. The maximum er-
ror for this velocity field (Euclidean norm) is 0.048, when the
maximum velocity magnitude is 1. The average error is 0.0047
(one order of magnitude less than the maximum error). This
value was calculated using up to 10° uniformly distributed
points and is independent from the number of sample points
for sample sizes larger than 10% For the 21x41 grid, the
errors are 0.012 and 0.0017, consistent with the expected sec-
ond-order convergence. The maximum and average error val-
ues in the velocity field calculated by BIEM are, respectively,
0.002 and 0.0004 using, respectively, 120 and 40 elements on
the outer and inner cylinders.

Despite the coarse grid, the differences in the streamlines
of Figure 6 are hardly discernible, except in the neighbor-
hood of the separation line. In addition, the approximate so-
lutions produced closed streamlines. In fact, it can be shown
that, for symmetric velocity fields and symmetric grids, the
calculated trajectories always close, irrespective of the ap-
proximation error (Appendix), even when the continuity con-
strain is not satisfied. Consequently, the error normal to the
streamlines is a periodic function of time and remains
bounded. However, this is not everything that matters.

An important issue is errors in circulation time, that is, the
time taken by a point to traverse a closed streamline once.

1612 July 1995 Vol. 41, No. 7

Such errors are difficult to detect, especially if a judgment of
the quality of the results is based on visual inspection of the
calculated streamlines, as is the standard practice. Even when
a discretized velocity field results in closed streamlines, the
error along the direction of the streamlines is crucial, espe-
cially as time advances, since the overall effect of a flow is to
align any material line, and, consequently, the error, with
them.

The error along and normal to the streamlines is presented
in Figure 7 for some representative trajectories of Figure 6.
The calculations were based on grids of the form M X(2M).
The tracer particles were originally placed along the symme-
try line and were followed until they crossed this line again,
having completed half of their circulatory trajectory. The time
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Figure 7. Steady journal bearing flow (u=2, e=0.45)
with the outer cylinder rotating: Errors due to
velocity approximations (PFEM velocity fields
of the form M xX2M) as a function of M, for
representative trajectories originating from
the symmetry line.

Error in (a) half of the circulation time, A(7/2), and (b) the
location of the second intersection with the symmetry line.
The symbols represcent different initial conditions taken on
the symmetry line.
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required for this motion, representing half the circulation
time, and the y-coordinate where the trajectories cross the
symmetry line are compared to the ones obtained by the ana-
Iytical velocity. The errors in half the circulation time and in
the y-coordinate crossings are plotted in Figure 7 (a and b,
respectively). In both cases, the error scales with 1/M? and is
proportional to the error in the approximate velocity field, as
predicted by Eq. 36. Some deviations from this behavior were
observed for the circulation times calculated from the coarser
grids and are, most probably, associated with the higher-order
discontinuities in the velocity field. In order to compare the
magnitude of the two types of error, the difference in the
circulation time was translated into length by multiplying with
the average velocity along each trajectory. Except for the in-
nermost streamlines of the recirculation area, the corre-
sponding “lengths” were more than two times the error in
the y-coordinate.

At this point it should be reiterated that the streamlines of
Figure 6 have been calculated by integrating Eq. 1. Alterna-
tively, streamlines can be obtained by solving

S 37

along with appropriate boundary conditions for the stream-
function, W¥. Contours of constant ¥ can be used for repre-
senting the streamlines of the flow. The righthand side of Eq.
37 can be evaluated using numerical differentiation. Since ¥
is a scalar field, the resulting streamlines always close. In ad-
dition, the Laplace operator is an effective smoothing opera-
tor. This method is advantageous in those studies intended to
reveal the topology of the flow, but we believe that it is not
suitable for mixing simulations. One particular problem is that
the smoothing masks the inaccuracies of the velocity field. In

Figure 8. Steady journal bearing flow (u=2, e=0.45):
Location of particles originally placed on the
symmetry line and advected forward by the 11
x21 PFEM field (for two revolutions of the
outer cylinder) and backward by the analyti-
cal field (for equal time).

AIChE Journal

addition, information regarding circulation times cannot be
obtained easily.

An alternative test of the accuracy of the particle tracking
scheme is presented in Figure 8. A number of tracers are
advected for some time by an approximate field, in this case
the 11X 21 PFEM scheme. Then, the direction of the flow is
reversed and the tracers are advected by the analytical veloc-
ity for equal time. In the absence of an analytical solution, a
solution based on an adequately refined grid can be used.
The difference between the final and the initial position of a
tracer is a measure of the discretization effects on the trajec-
tories. Here, the flow was advanced for two full rotations of
the outer cylinder. The tracers were initially placed in the
wider gap, along the line of symmetry. Representative
streamlines have been plotted for reference. Figure 8 should
be compared with Figure 6. The error in the neighborhood of
the separation line can be anticipated from the comparison
of the streamline portraits. However, the relatively large er-
rors in the vicinity of the outer cylinder cannot be explained
from the streamlines alone and should be attributed to dif-
ferent circulation times. The calculation of mixing patterns is
expected to be affected through a similar mechanism.

Notice that in the calculations of Figures 6-8, the time in-
tegration error has been kept to a minimum. The integrations
were performed using a fourth-order Runge-Kutta scheme,
with the step size chosen so that the time integration errors
were at least a couple of orders of magnitude lower than the
discretization errors. An estimate of the time integration er-
ror was obtained by repeating the calculations with half the
time step. The difference between the numerical results with
the two steps were compared with the difference between the
two approximate solutions and the exact one. This procedure
was not presented for economy of space.

Discretization vs. time integration error

The theoretical analysis of this section revealed that the
mechanisms for the evolution of the errors induced by time
integration and by discretization are similar, as is evident from
a comparison of Egs. 26 and 36. In both cases, the error be-
haves as a material line and its growth is determined by the
flow field kinematics. In addition, its magnitude depends on
the accuracy of the numerical scheme.

Despite their similarities, there is at least one fundamental
difference. For a given flow field, either exact or approxi-
mate, the error associated with the time integration can be
controlled, using adaptive time steps and high-order meth-
ods. As a result, its magnitude can be effectively reduced to
the level of the round-off error, most probably at the expense
of the computational time. On the other hand, once an ap-
proximate numerical solution has been obtained, the lower
limit of the error in the calculated particle trajectories is fixed.
If |Axp|> |Axyl, the use of elaborate and costly time inte-
gration schemes will simply be a waste of computational time,
since the overall error will be controlled by the discretization.

Given that the growth of both types of error is controlled
by the flow kinematics, a comparison of their relative magni-
tude should be based on the relative magnitude of the associ-
ated incremental errors Ax, and Ax,. Once again, the
assumption of a constant time step is made. For a kth-
order space discretization technique and an mth-order time
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integration scheme {Axpi= Cp(Axs;)**'At and |Axyl=
Cp{ADY™ Y, Then, for |[Axyl <|Axp|, it suffices that Az <
[(Cp/ChyXAxg) 11", Also, one can compare the order of
the magnitude of the computational cost involved in obtain-
ing the discretized selution and performing a time integra-
tion. Take, for example, a two-dimensional steady flow where
the velocity field has been obtained using a first-order dis-
cretization scheme in the primary variable formulation
(velocities and pressure) and a frontal solver for the solution
of the linear problem. Assume also that the fourth-order
Runge-Kutta is used for the time integration. Then, the
computational cost for the solution of the discretized prob-
lem is the same as O(107) particle trajectory calculations, if
|Axpl=1Axy]=107% and OQ10™), if |Axp|=|Axy|=10"".
In obtaining these estimates it was assumed that the flow do-
main dimensions and the limits of time integration are O(1)
and C,=Cy=1. In time-dependent flows with a strong
stretching character, such as the ones examined in the follow-
ing section, it is likely that more than, say, 10° tracer parti-
cles may be needed for accurately representing the evolution
of a material line.

Approximation Errors in Dynamical Tools

The discussion in previous sections was restricted to steady
flows. In this section, the emphasis is placed on chaotic flows.
Standard mixing studies employ a number of tools, such as
Poincaré maps, periodic points, and experiments and simula-
tions of dye advection. Here we are concerned with the ef-
fects of computational errors on usage of these tools.

As before, the key point is that the error behaves like a
material line (Eq. 33). In chaotic flows material lines experi-
ence exponential stretching and their magnitude grows
rapidly. The same can be said for the errors. In the remain-
der we have focused on discretization errors. The basic
premise is that, as discussed in the previous section, the time
integration errors are easier to control. The fourth-order
Runge—Kutta method is used for the time integration. In ev-
ery case, the time integration error is at least a couple of
orders of magnitude lower than the discretization error.

Poincare maps

Despite the various shortcomings of Poincaré maps as a
mixing tool, they are quite useful in revealing symmetries and
the existence of unmixed regions (periodic islands). In addi-
tion, since their calculation is computationally inexpensive,
compared to other dynamical tools, their use is quite popu-
lar. Of special interest here is exactly how the periodic is-
lands are modified due to the approximations in the velocity
field.

Consider some representative results from the journal-
bearing flow. The 180° counterrotating protocol has been
chosen as a test case, since it contains two characteristic pe-
riod-1 islands. In Figure 9 the Poincaré maps based on the
analytical velocity field (Figure 9a), the 11x21 PFEM ap-
proximate velocity field (Figure 9b and 9c), and BIEM veloc-
ity field (Figure 9d and 9¢) are compared, using the same set
of initial conditions. The two islands present in Figure 9a are
also present in Figure 9b, although their shape and size have
been altered. A “chaotic” band (denoted B) has appeared
surrounding the bigger island (A) (Figure 9a). Area B does
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Figure 9. Time-periodic journal bearing flow (u=2, e=
0.45, 0 =-3).
Poincaré maps for the 180° protocol: (a) analytical velocity
field; (b) 11x21 PFEM field; (¢) 11x21 PFEM field; (d)
BIEM field, 120 elements on outer cylinder, 40 elements on
inner cylinder; and (e) BIEM field, 160 elements on outer
cylinder, 80 elements on inner cylinder with different initial
conditions.
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not communicate with the chaotic region of the flow (C), as it
is apparent from the unfilled band (D) that surrounds it. Fur-
ther insight on this region is provided in Figure 9c. Starting
from a different set of initial conditions, which form the short,
observable line, the blurry (B) and the unfilled (D) bands of
Figure 9b appear connected into a single, blurry area (E).
Again, this region does not communicate with the rest of the
domain. Apparently, area E is limited by a KAM-like surface.
The comparison of Figures 9b and 9c¢ suggests that even more
KAM surfaces are hidden in the same area, like the surface
that separates the blurry (area B) and the unfilled (area D)
region of Figure 9b. Furthermore, there is also the possibility
that some island chains of observable size have survived within
area E (further simulations with yet another set of initial con-
ditions, clearly identified one 10-island chain). Poincaré maps
in Figure 9d and 9e, on the other hand, are more crisp and
closely resemble Figure 9a. The KAM surface near the outer
cylinder in Figure 9a is reproduced in Figure 9e using a more
accurate velocity field (maximum and average error values
are 0.0007 and 0.00015, respectively).

It can be suggested, based on a liberal interpretation of the
Poincaré-Birkhoff theorem (for example, Ottino, 1989), that
the chains of alternating hyperbolic—elliptic points that sur-
round the central elliptic point, are more seriously affected.
However, many KAM surfaces do survive and hinder the
communication with the chaotic region (Figure 9¢c). (Rigor-
ously speaking, theorems such as the KAM and the twist the-
orem do not apply here, since the approximate flow is not
Hamiltonian, because the continuity equation is not uni-
formly satisfied due to various approximations. Nevertheless,
the deviations from the continuity are small and the theory of
Hamiltonian systems can provide some hints on the system
behavior.)

Overall, small-scale features in the Poincaré map are not
expected to survive, due to discretization errors. A perfunc-
tory visual observation of such maps can lead to wrong con-
clusions. Indeed, it is conceivable that, with a different initial
placement of the markers, area E (Figure 9¢c) would look con-
nected with the chaotic region of the flow (area C), giving the
impression of a single chaotic region. It should be noticed
that this is a generic problem of Poincaré sections, even when
an exact velocity field is available (poor communication be-
tween manifolds, slow rates of mixing, and so on).

Poincaré maps are qualitative tools. They provide a first
look into the mixing flow, but their information cannot be
easily quantified (for example, they do not give information
regarding mixing rates). Similar difficulties apply when one
attempts to quantify the error effects. Our experience sug-
gests that a common indication of inaccuracies is the appear-
ance of “fuzzy” boundaries; area B in Figure 9b is an exag-
gerated example. The existence of such areas in the actual
flow can only be resolved with mesh refinement. Alternative
quantitative information regarding the accuracy of the simu-
lations can be obtained from other dynamical tools, such as
material line deformations and the location of periodic points.

Individual particle trajectories in chaotic flows

It has been shown already that, in steady flows, the differ-
ence between the calculated and the exact position of a
marker increases with time. What is the corresponding situa-
tion in chaotic flows?
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Figure 10. Time-periodic journal bearing flow (u=2, e
=0.45, 0 =-3), 360° protocol.
Error in the location of particles, due to velocity approxi-
mations (PFEM velocity fields of the form M X2M), as a
function of M after (a) 1 and (b) 3 periods. Straight lines
represent best power fit (slopes between -1.84 and
—2.10). The symbols represent different initial conditions
taken on the symmetry line.

A number of particles are advected for a few periods, ac-
cording to approximate velocity fields and the 360° counter-
rotating protocol, which produces stronger stretching, com-
pared to the 180° case. The starting locations of the particles
are along the symmetry line. Grids of the form M X2M are
used to generate the approximate velocity fields.

The distance between the calculated and the exact location
(error) at the end of the first and third period is plotted in
Figure 10 (a and b) as a function of the number of grid points
in the radial direction. The error is O(1/M?) = O(Ax%). Note
that according to Eq. 35, the incremental error, |Ax{)|, is
proportional to eAt. Since here € = 0(Ax2), [Ax{¥)| is pro-
portional to AxZAt.

The magnitude of errors (161 x 321 PFEM grid) on the lo-
cation of two particles as a function of time is presented in
Figure 11. The dashed line corresponds to a particle located
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Figure 11. Time-periodic journal bearing flow (parame-
ters as in Figure 10).

Growth of the global error (PFEM 161 X 321) as a function
of time for a point located in the chaotic region (—)
and a point located in a regular island (——-).

within the period-1 island of this flow. The growth of its asso-
ciated error is slower, compared to the error corresponding
to a particle placed within the chaotic region (continuous
line). A rough estimate based on the results of Figures 10
and 11 states that for an error below 0.1, after 10 periods, the
number of grid points per side should have been of the order
of 10°.

In Figure 12, the magnitude of the error in the location of
the second particle (161321 grid) is compared to the length
of two material lines with different initial orientations, start-
ing from the same point and moving according to the analyti-
cal flow field. Due to the stretching character of the flow, the
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Figure 12. Time-periodic journal bearing flow (parame-
ters as in Figure 10).

Growth of global error (PFEM 161 X 321) for a point within
the chaotic region ( ) and the length of two material
lines, (——— and -+~ - ), of initial length 10™* focated at
(xq,¥¢) and aligned along the x and y axes, respectively,
as a function of time.
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two material lines have aligned with the direction of stretch-
ing after one period. The error behaves as a material line
also and it orients itself along the same direction. As a result,
all these lines increase with roughly equal rates and the ratio
of their lengths is almost constant. It should be noted that
after a couple of periods, the addition of the incremental er-
ror, Ax$, has only a minor effect on the magnitude of the
error, The principal mechanism of its growth is the stretching
of the flow.

In summary, the picture just sketched is as follows. The
error in the location of a particle scales with the error in the
velocity field. Since errors behave as material lines, they pro-
gressively become aligned with the local direction of the stri-
ations, and their magnitude, as a function of the time, is de-
termined by the flow field. In chaotic flows the error in-
creases exponentially fast. As a result, the accurate tracking
of particles becomes increasingly difficult with time. It should
be pointed out that traditional mesh refinement does not help
much. For example, doubling the number of grid points per
side will decrease the error to the one-fourth (second-order
method). On the other hand, the previous level of error will
be reached after, roughly, two more periods, if the length of
a material line doubles with every period. Parenthetically, the
use of spectral and pseudospectral methods can be slightly
more advantageous in such cases, due to their exponential
convergence with mesh refinement.

Fortunately, the preceding pessimistic estimates can be re-
laxed by using the shadowing lemma (Grebogi et al., 1990).
Consider Eq. 3. Due to the discretization error, the relation
is substituted by x¢*Y = f(x®)+ Ax, where Ax represents
the error after one period. According to this lemma, there
exists an actual trajectory that “shadows” the calculated one
within a distance of ~ O(ylAx!) for N~ O(1/ylAx]) peri-
ods. Then, by doubling the grid points in a second-order
method and, consequently, decreasing the error to one-fourth,
it is expected that the calculated path will approximate a real
one for double the number of periods.

Deformation of material lines

Line deformation provides important information regard-
ing the stretching strength and the mixing abilities of a par-
ticular flow. However, following line deformation in a chaotic
flow is computationally demanding. Franjione and Ottino
(1987) showed that the computational time and memory re-
quirements of such calculations soon exceed those available
to most of the researchers today.

In this section we compare the deformation of material
lines as predicted by the exact and the approximate velocity
fields in the journal-bearing mixing flow. The question under
consideration is how the particle tracking error affects the
length and the small-scale structures in a mixing flow.

Figure 13a shows a straight line along the symmetry line
advected for three periods using the mildly stretching 180°
protocol. Most of the line lies within the chaotic region (Fig-
ure 9). The deformation of this line according to the exact
flow field is shown in Figure 13a, while the coarse grid (11 X
21) PFEM and BIEM velocity fields have been used in Fig-
ures 13b and 13c.

The overall appearance of the deformed line has been fairly
reproduced by the approximate fields. Of course, there are
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Figure 13. Time-periodic journal bearing flow (parame-
ters as in Figure 9).

Deformation of a material line, initially located on the
symmetry line and close to the inner cylinder, after 3 peri-
ods according to (a) the analytical velocity field; (b) the
11x21 PFEM field; and (c) BIEM field, 120 elements on
outer cylinder, 40 elements on inner cylinder.

differences as well, most notably the jiggled texture of the
approximate line around folds A and B in Figure 13b. This
phenomenon may be attributed to the discontinuities in the
derivatives of the discretized velocity. In any case, the loca-
tions of these two folds have not been significantly altered.
More interesting is the movement of the sharper folds, C and
D. For example, the fold C has come all the way to the left
part of Figure 13b. Finally, a number of minor folds have
appeared in the approximate field (E and F).

Despite the similarities of the deformed lines of Figures
13a and 13b, a detailed comparison reveals substantial dis-
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Figure 14. Error in the location of the particles of Fig-
ure 13b vs. their initial coordinate.

agreement. The error in the locations of individual particles
constituting the lines of Figures 13a and 13b are compared in
Figure 14. The distance between the calculated and the exact
location is plotted as a function of the initial radial coordi-
nate. For some of the particles this distance is of the order of
the dimensions of the domain. However, errors in the loca-
tion of individual particles orient along the local direction of
stretching and are not easily detected by visual observation.

108
102

101

10-1 A

10-2

10-3

(@]
—
[AS]
V3]
SN
9]
(9]

Period

Figure 15. Time-periodic journa!l bearing flow (parame-
ters as in Figure 13).
Error in the total length of a line segment initially located
on the symmetry line and close to the inner cylinder as a
function of the number of periods for various approximate
PFEM velocity fields: (a ) 11 x21;(0O)21x41;(a )41 x81;
and (D) 81x161.
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Figure 16. Time-periodic journal bearing flow (parame-
ters as in Figure 10).

Deformation of a material line, initially located on the
symmetry line and close to the inner cylinder (a) after 5
periods according to the analytical flow field, and (b) after
4 periods according to the 11X 21 PFEM field.

A dramatic example is provided by Figure 13; the difference
in the overall length between the two lines in (a) and (b) is
more than 40%.

The error in the total length, for the different grids, has
been plotted in Figure 15, as a function of the number of
periods. The difference between the calculated and the exact
length increases exponentially with time. The error after five
periods ranges from less than 1% for the finer grid to more
than 140% for the coarser one. In addition, Lyapunov expo-
nents for the exact and the approximate velocity fields were
calculated from the line-length data. The error in the value
of these parameters scales roughly with A xZ.

Finally, in Figure 16 longer time advection patterns (5 and
4 periods) are compared for the exact and the approximate
PFEM field, using the stronger stretching, 360° protocol.
Once again, the overall picture (local direction, major folds)
is well reproduced by the approximate field, but the differ-
ences in the details (striation length, minor folds) are signifi-
cant. In fact, after four periods the length of the deformed
line according to the approximate field is more than three
times the exact length.

The error in the length of a material line does provide a
quantitative measure of the accuracy of the calculations. Ob-
viously, the level of acceptable accuracy is determined from
the requirements of the final application. For example, in re-
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Table 1. Location of Period-1 Points for the Time-Periodic
Journal Bearing Flow (u = 2, e = 0.45, {2 = —3), 360° Proto-
col, as Calculated by the Exact and Two Approximate PFEM

Velocity Fields*
11x21 21x41 Exact
1.894444 1.894444 1.894444
2.360274 2.368072 2.367330
2.508546 2.501261 2.498903
2.893857 2.893588 2.893627
2.994444 2.994444 2.994444
4.994444 4.994444 4.994444
5.205583 5.211168 5.212781
5.316550 5.315743 5.315509
6.051239 6.049452 6.049988
7.894444 7.894444 7.894444

*Only the y-coordinate is given (see Figure 2) since all points are located
on the symmetry line (small gap 1.894444 <y < 2.94444, large gap
4.994444 < y < 7.894444). Italics denote periodic points on the boundary
surface (predicted exactly by the approximate fields).

active mixing, the apparent reaction rate is affected by the
length of the interface area (line in two dimensions). There-
fore, errors in the deformation of a material line should be
minimized. However, if the objective of the simulation is to
comparatively evaluate, say, the effect of a geometrical pa-
rameter on the mixing rate, wider margins of error may be
acceptable.

Periodic points

Periodic points can be quite helpful in analyzing the mixing
character of a flow (Jana et al,, 1994). Their stability to per-
turbations of the mixing protocol identifies possible optimum
mixing conditions; the eigenvalues of hyperbolic points give a
good indication of the local stretching rate as well as the lo-
cal direction of striations. It has been already shown that
crude approximations of a velocity field—resulting in sub-
stantial errors in the location of an individual particle—do
not translate into large errors in the local direction of the
striations. It was suggested that this is a consequence of the
alignment of the error with the direction of stretching. An
implicit assumption in this statement is that the local direc-
tion of stretching is not overly affected by the approximations
in the velocity field. Since periodic points control the local
stretching, the effect of the discretization on these points is
examined here.

To start with notice that, due to the symmetry of the proto-
type flow under consideration, period-1 points always fall on
the symmetry line. Higher period points appear in chains and
are arranged symmetrically. As a result, the search for peri-
odic points is simplified. This is also true for the approximate
flow, since the discretization used here preserves the symme-
try of the flow. The location of the period-1 points for the
360° protocol calculated with two discretized and the analyti-
cal velocity field are shown in Table 1. The poinis are de-
noted by their y-coordinate in the Cartesian system. Except
for the period-1 points on the boundaries of the flow domain
(shown in italics), for which their exact location is predicted,
the error in the location of these points scales with AxZ,
similar to the error of the velocities. For higher-order peri-
odic points, the error is higher. Moreover, new chains of peri-
odic points may appear, but vanish with mesh refinement.
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Table 2. Error in the Location of the Hyperbolic Points of Table 1 Compared to the Predictions of Eq. 40

y-Coord. Eigenvalue 11x21 21 x41 41x81

(Exact Velocity) Predicted Actual Predicted Actual Predicted Actual
5.3155 36.3047 1.23x107° 1.04x 1073 2.45x107* 234x10°4 539%x107° 537x107°
23673 31.3211 2.94x1073 7.06x1073 7.48x167* 7.42%x107* 1.86x 1074 1.86x107¢
2.8936 13.7183 3.33x107* 2.30x107¢ 4411073 3.90x10°3 2.52x1077 2.43x107°
2.4989 80514 1.01x107? 9.64x 1072 2.45%x1073 236x10°3 5.90%10~* 590%x107*
5.2128 2.5280 1.79x 1072 7.20x 1073 1.84x107?2 1.61x1073 4.75x10™% 421x10*

It is interesting that the error in the location of the peri-
odic points (Table 1) is very small compared to the errors in
the location of individual particles. A linearized analysis is
used below to explain this behavior.

The movement of a particle within a period can be repre-
sented by the map f(x;e) where e describes the perturba-
tion due to the approximation. For the exact flow field, € = 0.
The mapping (Eq. 4) in the vicinity of a periodic point, x,,
can be expanded as

If!
X+ Ax=fUx"+AX;e)=x"+ F-AX + e—(;f——, (38)
€

with F being the deformation matrix at x°. The last term in
the righthand side of Eq. 38 indicates where a particle, which
is initially placed at the exact location of the periodic point,
will end up due to the approximate flow and will be denoted
— b*. Its magnitude is a local measure of the error in the
location of a particle after one period, due to the velocity
approximation. According to Eq. 38, the location of the new
periodic point, for the e-perturbed flow, x+ x<, satisfies
the equation

19+ 8x =x"+ F-8x¢—b°. (39)
Then

(F—1I)-8xc=b. (40)

For a hyperbolic point in a two-dimensional flow, the eigen-
values of F are, ! and 1//. Matrix F is completely defined,
up to rotation, from / and the angle, 6, between its two
eigendirections. If the x-coordinate is oriented along the di-
rection of the eigenvector with magnitude /, then

1-1?
{ tan 6
= . 41
F , L 41)
i

From Eq. 40, one can obtain the ratio |6x¢|/|b¢] as a func-
tion of [, 6, and ¢, with ¢ being the orientation of b°. The
matrix (F —I) is singular when [ goes to 1. In this case,
|8x<|/1b¢| goes to infinity, proportionally to 1A/ —1). On the
other hand, |8x¢|/1b¢| tends to a value that depends on 6
and ¢, when ! goes to infinity. For constant 6, the maximum
occurs when ¢ = /2 and it is equal to 1/cos(#). Notice that
a large value of |8x¢l/|b®| indicates a large change in the
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location of the periodic point and significant local variations
of the mixing patterns.

For a symmetric flow, like the one under consideration,
éx° is oriented along the symmetry line. In the local coordi-
nate system described earlier, it forms an angle 6/2, or (8 +
ar)/2 with the eigenvector corresponding to /. As [ goes to 1,
|8x€|/1b¢| goes to infinity, proportionally to 1A/ —1). On the
other hand, when / goes to infinity, |6x¢|/1b%| tends to zero,
as 1/1. Therefore, the location of a hyperbolic point with a
high stretching rate will be hardly affected due to the pertur-
bation, while the opposite will happen to a parabolic point
(I=1.

Note that in the preceding analysis, b€ has been left unde-
termined. Indeed, it is a complicated function of the trajec-
tory of a particle and the distribution of errors within the
flow field and, consequently, it can be affected by the distri-
bution of gridpoints within the domain. In general, its value
is expected to scale with the error in the velocity field.

The predictions of Eq. 40 were compared to actual find-
ings for the 360° protocol. Values of / and ¢ were calculated
for the hyperbolic points of Table 1. Then, the magnitude of
b¢’s was numerically estimated for every point and each dis-
cretization. The predicted |8x<['s are finally compared with
the actual |6x¢|. This comparison is summarized in Table 2.
The agreement between the predicted and the actual values
is very good, especially for the finer mesh.

Notice that the preceding analysis is not limited to pertur-
bations due to flow field approximations, but also describes
perturbations due to changes in the flow-controlling parame-
ters (such as the protocol).

Conclusions

Simulations are inherently subject to approximation errors.
Therefore, their successful utilization relies heavily on the
understanding and control of such errors. Mixing simulations,
in particular, are more susceptible to approximation errors
simply due to the mere size of the computational load, which
inevitably leads to simplifications or compromises regarding
the accuracy of the simulations. Due to inaccuracies caused
by the discretization the numerical integration and the finite
accuracy of any computational device, calculated particle tra-
jectories are only approximations of the actual ones. The er-
ror, defined as the distance between the exact and the calcu-
lated particle location, behaves as a differential material line.
It is deformed by the flow field and its length, on the aver-
age, grows with time.

Discretization and time integration approximations affect
the particle location through a similar mechanism. In both
cases, an incremental error is introduced at every time step.
Its magnitude is controlled by the accuracy of the numerical
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technique, which, in turn, is controlled by the grid size or the
time step, respectively. The cumulative or global error, at any
given time, is the sum of all the previously introduced errors
as they have grown within the flow field. In addition, the er-
ror aligns with the stretching direction.

In steady, two-dimensional and bounded flows, the overall
or global error increases proportionally with at most the
square of the elapsed time on the average, although the de-
tails of the particular flow and the time integration scheme
influence the short and long time global error behavior. Sim-
ple visual examination of the streamline portrait is not suffi-
cient for the evaluation of the quality of a computed velocity
field, because the error tends to align with the direction of
the streamlines. Consequently, its component along this di-
rection is larger and translates into an error in the circulation
time. In particular, when the flow field is symmetric, the
streamlines produced by the computed velocity field always
close or end on the boundary, irrespective of whether the
velocity field satisfies the continuity equation or not. A possi-
ble exception to this rule are streamlines that do not cross
the symmetry line.

In chaotic flows, errors increase in a qualitatively similar
manner, although the growth is much faster due to the expo-
nential stretching. Very quickly, their magnitude becomes of
the order of the dimensions of the domain. Despite this be-
havior, a distinguishing characteristic of chaotic systems, it
was found that the deformation of a material line is captured
satisfactorily, in qualitative terms, even when relatively inac-
curate velocity fields, with Euclidean error of up to 5%, are
used. This phenomenon can be explained once again in terms
of the tendency of the error to align with the manifolds of the
hyperbolic points. Furthermore, it was proved that the error
in the location of hyperbolic points due to velocity approxi-
mations is lower for points with high eigenvalues. Hyperbolic
points and their associated manifolds are usually the ones
mostly responsible for the mixing patterns in the chaotic re-
gions. However, approximate velocity fields generate chains
of fictitious periodic points, usually of higher order. In
Poincaré maps, approximation errors modify the boundaries
of regular islands. Their primary effect is the breaking of
KAM surfaces into chains of high-order islands. Conse-
quently, the boundaries of regular islands become hazy or,
occasionally, appear to belong to the chaotic region and as a
result, the well-mixed area appears to cover a larger portion
of the domain. More importantly, it should be noted that,
even when the qualitative picture is fairly well approximated,
quantitative information may not be reliable. For example, in
a typical case of the material line deformation, the 5% error
in the velocity field caused errors of about 150% in the length
of a line.

In most real mixing problems—as opposed to this article
—there is no exact reference case to compare with. Never-
theless, the body of work presented in this article suggests
that the accuracy requirements for the velocity field are not
as strict as the exponential stretching of chaotic flows seems
to suggest, especially if only a qualitative description of the
mixing patterns is needed. For example, the 21 xX41 PFEM
velocity field, with about 1% maximum error seems to pro-
vide a satisfactory sketch of the mixing patterns of the 180°
protocol. Yet, considerable caution should be exercised when
quantitative information is sought (such as length of a mate-
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rial line as a function of time or stretching rate distributions).
In such cases, standard numerical analysis tools, such as mesh
refinement, become mandatory. Without such tests, results of
numerically generated mixing calculations are, at best, sus-
pect.
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Notation

C =constant
I =identity matrix
O =order of
Axg =local error (vector) due to round-off
Axy =local error (vector) due to discretization
9;; =Kronecker delta function
8x€=error in the location of a periodic point due to velocity ap-
proximations
u =dimensionless gap (concentric and eccentric cylinders)

Subscripts and Superscripts

0 =initial condition
D =calculated quantity due to discretization error
i, j =coordinates (x, y for Cartesian system and r, @ for cylindrical
system)
N =calculated quantity due to time integration error
+ =time derivative
(i) = quantity corresponding to the ith time step
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Appendix: Proof That Symmetric “ Flows”
Produce Close Streamlines

Consider a 2-D, symmetric domain and a 2-D symmetric
vector field, u(x), that does not necessarily satisfy the conti-
nuity condition. In addition, u(x) is continuous, but its
derivatives are continuous locally only (within an element).
Such a field can be produced by a numerical solution of the
flow equations in a symmetric flow geometry, with the addi-
tional constraint that the discretized system preserves the
symmetry of the geometry. For convenience, the line of sym-
metry coincides with the y-axis. Then

ux, ) =u(~x,y); ulx,y)=-ul-xy). (AD
We are interested in trajectories generated by
¥=u(x); V-u#0. (A2)
A “flow” function can be defined so that
(x,y)=®(x¢,¥051), (A3)
denoting that a particle located at (xg, y,) moves to (x,y)

after time ¢. For a time-independent field motions can be
composed (Franjione, 1991). Then

D(xg, yo3ty+t5) = O[D(xg, y5511); 1,1 (A4)
One can define the inverse flow function
(x0,y9) =@ '(x,y;1), (A5)

which coincides with the “flow” function for u'(x)= — u(x).
Then, using symmetry arguments

D= x,y;0)=—® 7 x,y;1) =~ x¢;
D, (~x,y;0=0 ' (x,y;)=y,. (A6)

Consider then a trajectory originating from a point on the
symmetry line, at (0, y,), that crosses the symmetry line again
after time 7,2, at (0, y,). Then, from Eqs. A3 and A6 one can
write that

0,y,) =9, y,;T/2);
(0,y,) =(=0,y,) = B(—=0,y,;T/2) = D0, y,;T/2). (A7)

Then

®0,y;T)=d{®(0,y,;7/2);T/2) = (0, y,;T/2) = (0, y,).
(A8)

Consequently, any trajectory that starts from the line of
symmetry (and does not end on the boundary) returns to the
same point (closed). A trajectory that starts anywhere in the
domain and crosses the symmetry line (and does not end on
the boundary) is also closed. It can also be shown, aithough it
is not covered by the previous discussion, that separation
streamlines are also symmetric.

Notice that this proof does not cover the cases of trajecto-
ries that do not cross the symmetry line (such as Moffat vor-
tices in the square cavity). Furthermore, it has been assumed
that the trajectory does not encounter any parabolic point.
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